In the Majorana representation of a spin 1/2 we find an identity which relates spin-spin correlators to one-particle fermionic correlators. This should be contrasted with the straightforward approach in which two-particle (four-fermion) correlators need to be calculated. We discuss applications to the analysis of the dynamics of a spin coupled to a dissipative environment and of a quantum detector performing a continuous measurement of a qubit's state.
In the Majorana representation of a spin 1/2 we find an identity which relates spin-spin correlators to one-particle fermionic correlators. This should be contrasted with the straightforward approach in which two-particle (four-fermion) correlators need to be calculated. We discuss applications to the analysis of the dynamics of a spin coupled to a dissipative environment and of a quantum detector performing a continuous measurement of a qubit's state. DOI Introduction.-An analysis of spin dynamics involves calculations of spin correlators. Spin operators do not satisfy the Wick theorem, and various methods have been used to still enable the use of perturbative (diagrammatic) methods. One of the approaches is based on the Majorana-fermion representation of spin operators. This approach has a long history and was applied recently to condensed-matter problems [1] [2] [3] .
In this approach one introduces three Majorana fermions x;y;z (per spin) and expresses the spin (or Pauli) operators via these fermions:
x ÿi y z ; y ÿi z x ; z ÿi x y :
Obviously, an analysis of spin-spin correlations based on Eq.
(1) requires calculations of a four-fermion correlator.
In this Letter we show that spin correlators coincide with certain two-fermion (i.e., one-particle) correlators. We discuss under which conditions this identity may simplify the analysis and discuss its particular applications. Majorana representation.-Majorana fermions satisfy the anticommutation relations: ÿ for Þ and 2 1, and are real: y (; ; x; y; z). These properties ensure that the representation (1) reproduces the spin commutation relations. An important feature of the representation (1) is the fact that the spin operators are bilinear (''bosonic'') combinations of Dirac (annihilation/creation) fermionic operators.
One may construct the three Majorana-fermion operators (for a spin) out of three different Dirac fermions, c y c , each annihilation operator acting in its own two-dimensional Hilbert space. This ensures the anticommutation relations and the property 2 1. The whole Hilbert space is then eight dimensional.
The dimensionality of the Hilbert space is reduced if two Majorana fermions, e.g., x and y , are constructed out of a single Dirac fermion f and its conjugate f y : x f f y and y if y ÿ f. Another Dirac fermion g c z is still needed to construct the third Majorana-fermion z g g y . In this mixed Majorana-Dirac picture
This ''drone-fermion'' representation was used for the analysis of magnetic systems in the 1960s (see Refs. [4] [5] [6] [7] ). The whole Hilbert space in this representation is four dimensional. Depending on the rotational symmetry, this representation may be more convenient than (1).
We have described this construction in the Hilbert space of two Dirac fermions f and g. Alternatively one can view it as two replicas of the original spin. Indeed, let us label the basis states in the following way: denote the state without f and g fermions by j " a i j00i, and also j " b i j01i g y j00i, j # b i j10i f y j00i, and j # a i j11i f y g y j00i. For the state js n i the first index s " = # denotes the spin component, while the second n a=b labels the spin copy. One notices that the spin operators , ÿ , and z do not mix the a and b subspaces, i.e., they operate in the same way on the two ''copies'' of the spin. Further, one may view the index n a=b as an isospin and introduce the respective Pauli isospin operators x;y;z . In particular, x is the ''copy-switching'' operator: x js a i js b i and x js b i js a i. The fermionic operators can be expressed as
Further, x , for any x; y; z. Accordingly, in terms of the fermionic operators we have x 1 ÿ 2f y f z ÿi x y z . The operator x commutes with ''all other'' operators: with , ÿ , z , f, f y , and z .
Reduction of the spin-spin correlators.-A physical Hamiltonian depends on the spin operators x , y , z (and on other degrees of freedom, e.g., the electrons in the Kondo problem). Thus the operator x commutes with any Hamiltonian and is time independent. We find h t t 0 i h x t t x t 0 t 0 i h t t 0 i; 
In certain situations the identity (4) may simplify the calculations. Indeed, if the Majorana representation (1) and (2) is used for a calculation of spin-spin correlations, a four-fermion correlator needs to be evaluated. In a typical situation, the lowest-order contribution is given by a looplike diagram which involves two fermionic propagators. Evaluation of higher-order contributions requires an analysis of the self-energy corrections to these propagators and of the vertex corrections. The relation (4) reduces the task to the evaluation of a single self-energy.
In general, evaluation of this self-energy to all orders in the perturbative expansion involves complicated diagrams, which include other self-energies and vertex corrections. Hence an involved calculation may still be needed. Nevertheless, the relation (4) may be useful if the needed self-energy part can be estimated reliably, e.g., by calculating the low-order contributions (see below).
Note also that the relation (4) may be directly generalized to multispin correlators, which are then reduced to multifermion correlators of the same order, e.g., h t 1 t 2 t 3 t 4 i h t 1 t 2 t 3 t 4 i. For time-ordered correlators the transition from bosonic to fermionic ordering can be taken into account, as one can show, by introducing in the diagrams additional lines with a simple structure. Further, in a problem with many spins represented via Majorana fermions (e.g., a lattice spin model) the method is directly applicable to the samespin correlators; for different spins i and j we have x commutes with all others (but does not drop out unlike 2 x 1 for one spin). Gauge-invariance considerations.-One might be concerned by the fact that Eq. (4) relates correlators of physical and ''unphysical'' operators. One may express this concern by invoking the gauge symmetry: The Majorana representations (1) and (2) possess the discrete Z 2 symmetry ! ÿ . As an operator which realizes the symmetry transformation one may choose y ig y ÿ g (cf. Ref. [8] ). For example, z ! y z ÿ1 y ÿ z . Thus, the forth Majorana-fermion allowed in the Hilbert space of the representation (2) generates the symmetry transformation. As such a generator one can also use z , which just flips the sign of the wave function of the b spin, keeping that of the a spin intact.
Consider now a time-dependent gauge transformation, which transforms a wave function j i to Uj i, where
It transforms the operators ! ÿ1 t , x ! ÿ1 t x . Thus the operator x is now time dependent. Indeed, it no longer commutes with the gauge-transformed Hamiltonian,
Thus the fermion correlators are not gauge invariant: h t t 0 i ! ÿ1 tÿt 0 h t t 0 i:
The relation (4) is written in a fixed gauge _ t 0. In an arbitrary gauge, the factor ÿ1 tÿt 0 should be added on the right-hand side making the identity gauge invariant. In path-integral calculations the integration is performed over all configurations (all gauges). If a saddle-point solution breaks the Z 2 symmetry (and hence has a counterpart) fluctuations between two mean-field solutions play an important part and need special attention [8] . However, for perturbative calculations around a trivial saddle point, e.g., above the Kondo temperature, the ''fixed-gauge'' relation (4) is useful.
Applications.-The relation (4) can simplify calculations, since to evaluate a single-fermion Green function one needs only to evaluate a self-energy. In a perturbative regime, when one may restrict oneself to evaluating the lowest-order contribution, Eq. (4) simplifies the task.
Here we consider an example: the dissipative dynamics of a spin coupled to an environment, for instance, the spin-boson model. A related problem of continuous monitoring of a spin (qubit) by a quantum detector is discussed in Refs. [9, 10] , where the ouput noise of the detector as well as the spin dynamics is studied. The latter is influenced by the measurement-induced noise. In the direct calculation of a spin-spin correlator in the Majorana representation (1) and (2), vertex corrections cannot be disregarded even in lowest order. The calculations are considerably simplified if the relation (4) is invoked.
Relation (4) is also useful in the analysis of the dissipative spin dynamics. Consider the case of a purely transverse coupling to a reservoir:
where X is a fluctuating bosonic observable of the bath, whose Hamiltonian H bath determines the statistics of fluctuations. We consider Gaussian (possibly, nonthermal) fluctuations. Using the Keldysh technique, we perform a calculation considering the (second) bath-spin coupling term in Eq. (9) as a perturbation. Consider the Green function of the bath on the Keldysh contour, G X ÿihT K XtXt 0 i. Its Keldysh component and the difference between the retarded and advanced components,
(we use the notations of Ref. [11] ) are related to the symmetrized and antisymmetrized correlators hXtX0i S X t A X t, S X ÿt S X t, A X ÿt ÿA X t. Similarly, for the Majorana-fermion z we define G ÿihT K tt 0 i. For the f fermion we use the compact Bogolubov-Nambu spinor notations f; f y T and y f y ; f and define a matrix G ÿihT K t y t 0 i. Calculation of the spin propagators (in a stationary state) reduces, due to the relation (4), to the evaluation of the fermion Green functions G and G . These functions can be found from the the Dyson (kinetic) equations:
where and are the self-energies. Equation (12) is a 4 4 matrix equation (with the Nambu and Keldysh components). In the frequency domain and after the Keldysh rotation [11, 12] , we find
Here we disregard infinitesimal contributions since they are superseded by the self-energy parts in Eqs. (12) and (13) . The lowest-order contributions to the selfenergies , , shown in Fig. 1 
1 is a matrix in the Nambu space. Further, we find
. Similar to the derivation of the Bloch-Redfield equations [13] , one can argue that the lowest-order self-energies constitute a good approximation provided the bath correlations are short-ranged on the typical dissipative time scales [ÿ! below] . This condition implies weak variations of the bath spectral density on the scale ÿ and will be used below.
The self-energies are convolutions (in the frequency domain) of the Green functions of the fermions and the bath. The Green functions of the bath are smooth, and the convolutions are dominated by the singularities of the fermionic Green functions. The contributions of the singularities of the retarded and advanced fermion Green functions can only be weakly perturbed by higher-order corrections, whereas the Keldysh component crucially depends on the occupations of the fermionic states and is strongly sensitive to the bath noise (e.g., to the temperature of an equilibrium noise). In turn, evaluation of the occupations relies on the knowledge of the self-energy parts (cf. Ref. [14] ). Still one can perform the calculation using the properties of the distribution function h de-
! from the first diagram in Fig. 1 , we find
The symmetry relation h ÿ! ÿh ! implies h 0 0. Hence without evaluating h we find
The real parts of the retarded and advanced self-energies give the nonequilibrium generalization of the Lamb shift, i.e., renormalize the level splitting B. This effect is weak for weak nonsingular noise spectra. Substituting the self-energy into the Dyson Eq. (12), we find: 
is a quantity of the zeroth order in the coupling constant. Using these results we find . We need its values in a narrow range around the pole ! 0. For short-correlated noise the leading terms give 
